Operator symbols play a pivotal role in both the exact, well-posed, one-way reformulation of solving the (elliptic) Helmholtz equation and the construction of the generalized Bremmer coupling series. The inverse square-root and square-root Helmholtz operator symbols are the initial quantities of interest in both formulations, in addition to providing the theoretical framework for the development and implementation of the 'parabolic equation' (PE) method in wave propagation modeling. Exact, standard (left) and Weyl symbol constructions are presented for both the inverse square-root and square-root Helmholtz operators in the case of the focusing quadratic profile in one transverse spatial dimension, extending (and, ultimately, unifying) the previously published corresponding results for the defocusing quadratic case [J. Math. Phys. 33 (5), 1887-1914 (1992)]. Both (i) spectral (modal) summation representations and (ii) contour-integral representations, exploiting the underlying periodicity of the associated, quantum mechanical, harmonic oscillator problem, are derived, and, ultimately, related through the propagating and nonpropagating contributions to the operator symbol. High-and low-frequency, asymptotic operator symbol expansions are given along with the exact symbol representations for the corresponding operator rational approximations which provide the basis for the practical computational realization of the PE method. Moreover, while the focusing quadratic profile is, in some respects, nonphysical, the corresponding Helmholtz operator symbols, nevertheless, establish canonical symbol features for more general profiles containing locally-quadratic wells.
Introduction
The global nature of wave propagation problems, as modeled by the elliptic scalar Helmholtz equation, renders the computational solution quite difficult in extended inhomogeneous environments (1, 2). The development and application of the 'parabolic equation' (PE) method (3, 4, 5, 6, 7) has successfully addressed this issue for appropriately, weakly range-dependent environments, where, for the most part, one-way (forward) wave fields are computed and back-scattered energy is neglected. In recent years, the PE method has been extended to fully-coupled, two-way, elliptic wave propagation through two complementary approaches: (i) the exact, well-posed, one-way reformulation of elliptic wave propagation problems (1, 2, 8) and (ii) the construction and application of the generalized Bremmer coupling series (9, 10, 11) . Both methods of extension are based on ideas and constructions from wave field decomposition, invariant imbedding (reflection and transmission operators), and the closely related Dirichlet-to-Neumann (DtN) operators, and make use of micro-local analysis (pseudodifferential and Fourier integral operators and path integrals). While the current focus in the direct and inverse analysis of the above two approaches is primarily on the properties and singularity structure of the scattering (reflection and transmission) and DtN operator symbols (1, 12, 13) , the inverse square-root and square-root Helmholtz operator symbols are the initial quantities of is the transverse coordinate. In the subsequent formal analysis, the transverse coordinates will also be freely denoted by , the appropriate initial-value condition or (source) decomposition is given by (1)
where " Y P denotes the inverse or parametrix of " (i.e., the inverse square-root Helmholtz operator). The Helmholtz operator symbols are defined in a pseudodifferential operator (operator-ordering) calculus (14, 15, 16, 17) . Let 
in the Weyl pseudodifferential operator calculus (14, 15, 16, 17) . Likewise, definitions of x U y and y hold for the square-root Helmholtz operator itself.
In terms of the square-root Helmholtz operator symbols, the one-way wave equation (1) can be written as
or
in the standard and Weyl calculi (14, 15, 16, 17) , respectively. Here,
is the Fourier transform of the one-way wave function ¦ S ) 3
with respect to the transverse coordinate,
For a fixed range point, S % S n say, Eqs. (7) and (8) provide the basis for the nonreflecting boundary conditions ubiquitous in numerical wave field computations (1, 4, 10) . . A similar phase-space path-integral representation is found in the Weyl calculus (1, 2, 18, 19, 20, 21) . The structure of the path-integral representation in Eq. (10) straightforwardly results in the phase space, marching algorithm, which generalizes the Tappert/Hardin (6, 7) split-step FFT algorithm for the standard parabolic approximation to the one-way Helmholtz equation (1) and has been discussed and illustrated in detail in the literature (19, 20, 21) .
Moreover, in the context of the inverse scattering problem, the composition equation in the pseudodifferential operator calculus connects the square-root Helmholtz operator symbol with the square of the refractive index field through (1, 14, 15, 16, 17) A B ¦ T c B % y ¦ ) T (11)
in the Weyl calculus, with a similar expression in the standard calculus (14, 15, 16 ) (see also Appendix C). The composition equation (11) also serves as the starting point for the exact, approximate, and numerical constructions of the square-root Helmholtz operator symbols (1, 17, 22, 23) . Finally, the operator symbols in the Weyl and standard pseudodifferential operator calculi are related to one another (14, 15, 16, 17, 19) , viz.,
Recasting the formal operator equations (1) and (3), in a chosen pseudodifferential operator calculus, in terms of the appropriate operator symbols provides the explicit means to extend Fourier analysis of wave propagation in (transversely) homogeneous media to inhomogeneous environments: the analysis is carried out in the transverse 
Substituting Eq. (21) into Eq. (24) then results in the formal series
where ae is a positive integer with ae è ç ȩ E m
The infinite series in Eq. (25) contains only nonpropagating modes. In the second term in (25) , for 
and
The construction of
via the standard composition equation follows again from Eq. (24) . Substituting the representation for
given in Eq. (28) into Eq. (24) allows for the interchange of the differentiation operations with the summation and integration operations. This follows from the fact that (i) the series appearing in the expression are finite and (ii) the integrand is an integrable function with exponential decay for large £ and admits uniform bounds for the function and its subsequent derivatives (31) . Indeed, the point of the construction procedure was to replace the infinite series in Eq. (25) with an appropriately differentiable (equivalent) integral representation. The result of the calculation can be written in the form , and noting that
with
. Equations (26) and (38) establish the equality
which, upon applying standard bounding techniques S , yield the estimate
The absolute values of the terms in the series are bounded by the terms in a convergent geometric series for ) T § » ©ª , thus establishing absolute and uniform convergence in the limit ae T % and the bound
The integral in the fourth and final term in Eq. (37) , noting that
, can be written in the form (cf. Eqs. (34)- (35) and the implicit use of the Mehler formula)
and -bringing the integration inside the summation -bounded by
applying the previous results in Eqs. (40) and (41)- (42) . Taking the limit ae c % in Eq. (46) then establishes that the fourth term gives a zero contribution.
Combining the previous results, and actually taking the limit ae d % in Eq.(37), the expression for
can now be written as an absolutely and uniformly convergent infinite series and a well-defined integral:
Backsubstituting Eq.(36) for ae % in Eq.(47), the result in Eq.(47) can be expressed in the alternate form
which, in conjunction with the (arbitrary) choice of ' ç '
, can be used to balance and control the magnitude of the terms in a numerical calculation of the operator symbol. As
, the first two terms in Eq.(48) represent an increasingly better approximate modal decomposition of the operator symbol for an appropriately defined, finite region of the phase space (4) .
Applying the analysis used to transform Eq.(33) into Eq.(48) to Eq.(28) converts the conditionally convergent infinite series representation for x U y Þ given in Eq. (21) into an absolutely and uniformly convergent infinite series and a well-defined integral.
C. The Weyl symbol
Exact expressions, in the desired modal form, for both the inverse square-root and square-root Helmholtz operator symbols in the Weyl calculus can be deduced from the preceding standard calculus results in a direct fashion requiring relatively little calculation. From the expression for
given in Eq. (28) , it is evident that the transformation mapping to ultimately write all of the exact expressions in the Weyl representation.
It is apparent by the construction in Eq. (28) that, for the case
(where there are no propagating modes),
where, with Eqs. (30) and (55), 
following from Eqs. (13) and (34) . Application of Eqs. (55) and (59) to the expression (33) in the standard calculus then gives the result
where
(cf. Eq. (35)). The deduced constructions given in Eqs. (56)- (58) and (61)- (62) can be confirmed through the direct verification that
form a standard-Weyl 'transform pair' with respect to Eqs.(12)-(13). The analysis leading to the expressions given in Eqs. (47) and (48) for
as the sum of an absolutely and uniformly convergent infinite series and a well-defined integral then follows in essentially the same fashion for the Weyl symbol y ¦ ) T ; the final results, following directly from the application of the correspondences given in Eqs. (55) and (59) to the standard calculus expressions, are given by
The principal results of Section 2 are the Helmholtz operator symbol representations given in Eqs. (21) , (47) , (48) , (56) , (63) and (64).
Contour-integral operator symbol representations
It follows from the construction in Eq.(57) that the inverse square-root Helmholtz operator symbol can be written in the form §
where there are no propagating modes. For the corresponding defocusing quadratic profile (compare Eq. (14)) defined by
, the operator symbol integral representation (23)
(compare Eq. (31)), in conjunction with Eq.(65), lead to the relation §
adopting an obvious superscript notation in this section for clarity. The analytic continuation result in Eq.(68) can be extended to the square-root Helmholtz operator symbol following the construction in Eq. (61) and noting the corresponding integral representation for the defocusing quadratic profile given in Fishman (23) .
The principal goal in this section is to extend the integral representation in Eq.(65) and the subsequent analytic continuation result in Eq.(68) connecting the focusing and defocusing quadratic profiles (and the analogous results at the level of the square-root Helmholtz operator symbol) from
, thereby explicitly accounting for the presence of the propagating modes. The basic idea is to modify an ¦ -rotation/contour-integration construction, which underlies the Eq.(68) analytic continuation result for case will be outlined, followed by the explicit incorporation of the underlying periodicity to produce the modified construction leading to the desired integral representations for the Helmholtz operator symbols for
. The extended analytic continuation results, following directly from the integral representations, will then be established.
For the ¦ -rotation/contour-integration construction procedure, the starting point is the exact, closed-form expression for the Weyl symbol for the inverse square-root Helmholtz operator in Eq.(66), with the aid of Eqs. (18)- (19) , written as (note the change of integration variable,
In Eq.(69), let ) is at the origin with the branch line chosen to lie along the negative real-axis, and the isolated singularities (associated with the zeros of l ) are located at the points
The ¦ -rotation and subsequent contour integration have been specifically constructed so that the contributions from k P and k° w ill ultimately result in the operator symbol for the focusing case and the analytic continuation of the operator symbol for the defocusing case, respectively. Application of the Cauchy integral theorem (35) followed by standard arguments (35) to establish that the contributions from c G °±
While the lhs of Eq.(72) is not well defined in the limit p V § g X , the rhs of Eq.(72) is continuous at
which can be verified by establishing the equivalence of this equality and the corresponding spectral (modal) summation representation in Eq. (56) by proceeding from the identity in Eq.(51). The ¦ -rotation/contour-integration construction procedure results in the desired operator symbol integral representation, while explicitly illustrating the analytic continuation relationship between the focusing and defocusing quadratic profile cases, at least for ® º q E , i.e., in the absence of propagating modes.
B. Periodicity
The Weyl symbol construction procedure for the inverse square-root Helmholtz operator presented in (4, 23) is based on Eq.(6) in conjunction with (De Hoop and Gautesen (9, (7.1)))
which is just a restatement of Eq. (3), where q is the Helmholtz Green's function, satisfying
supplemented with an outgoing-wave radiation condition (1, 23 
and satisfies
supplemented by
For the focusing quadratic profile, the parabolic equation fundamental solution takes the form implied in Fishman (23, (A1)) and given in Schulman (36, p.38),
in accordance with the corresponding quantum mechanical harmonic oscillator formulation (27, 36 
The key to the extension of Eqs. (65) and (68) is the reduction of this semi-infinite integral to an integral over a single period through the application of the following theorem.
, and, further, let the following integral,
exist. Then the semi-infinite integral in Eq.(80) can be reduced to an integral over one period in the form
is the Lerch transcendental function defined by (29, 37) 
The Lerch transcendental function can be analytically continued into the cut complex -plane via the integral representation (Erdélyi et al. (37, p.27 
not on the real axis between
and where
is the gamma function (29, 37) . It is continued in via the relationship given in Erdélyi et al. (37, p.27) ,
(A more detailed treatment of the Lerch transcendental function can be found in the references (29, 37) .)
Proof. Starting with the integral on the rhs in Eq.(81) and applying Eq.(84) yield 
Combining Eqs. (87), (86) and (85) results in the lhs of Eq.(81).
C. Symbol contour-integral representations for the focusing case
While the semi-infinite integral in the operator symbol construction for the focusing quadratic profile is not well defined at present, the above theorem and the previous 
, where the contour
is defined in Fig. 2 . For the integrand in Eq.(88), in the complex i -plane, the branch points associated with
are located at the points 
is uniformly and absolutely convergent for (88) is defined by the series in Eq. (82), residing on the circle of convergence, away from % E , i.e.,
. Application of the Cauchy integral theorem (35) to Eq.(88) followed by an evaluation of the contribution along
. While the lhs in Eq. (90) is not well defined, at present, in the limit f 0 h § X , the rhs in Eq.(90) is continuous at
is given by the rhs of Eq.(90) evaluated at
where the contour and the circular arc,
, as illustrated in Fig. 3 . Application of the Cauchy integral theorem (35) to Eq.(91) then yields the final integral representation 7 , keeping the integrand singularities, which include branch points at (cf. Eq.(89))
with the associated branch lines chosen to lie on the negative imaginary i -axis, and isolated singularities at (cf. Eq.(71))
'outside' the contour with respect to the half-plane 
where the path of integration along and avoid the integrand singularities, and applying Eq.(84) for 
Examining the first term on the rhs in Eq.(95) and applying the generating function result in Eqs. (51) and (52), interchanging the order of integration and summation, which is justified by the uniform convergence of power series within their radius of convergence and the application of the Riesz/Young theorem (31, 32) , and carrying out the remaining
establish the convergence of the two series in Eq.(97). Following from the spectral (modal) summation representation of the inverse square-root Helmholtz operator symbol given in Eq.(56), the first term in Eq. (97) (24)), i.e., 7
Substitution of Eq.(92) into Eq.(101) allows for the subsequent interchange of the differentiation and integration operations following from the uniform convergence properties of the appropriate integrals involved (31). The resulting calculation takes the final form 7
in which the occurrence of s ¦£ b defined in Eq. (60) is recognized.
Standard symbols -The corresponding results for the standard operator symbols follow directly from the relationship in Eq. (12) and take the form (29)), and
(equivalent to replacing in Eq. 
D. Symbol contour-integral representations for the defocusing case
The corresponding Helmholtz operator symbols for the defocusing quadratic profile can be expressed by contour-integral representations analogous to those given in Eq.(92) and Eqs. (102)- (104) for the focusing case. The Weyl symbol for the inverse square-root Helmholtz operator is given by 
in the evaluation of the contribution to Eq.(105) along 
Exact square-root operator symbols 171
Standard symbols -The corresponding integral representations for the standard operator symbols again follow from Eq.(12) in the form
The contour-integral representations for the Helmholtz operator symbols given in Eq. (105) 
The equalities in Eqs. 
Time-Fourier versus time-Laplace domain
In the analysis of two-way wave scattering, the generalized Bremmer series that couples the one-way waves plays a fundamental role. The convergence properties of this series are understood in the time-Laplace domain (De Hoop (11)) and require Sobolev order estimates of the square-root 'Helmholtz' operator uniform in the Laplace parameter. However, most algorithms that compute terms in the generalized Bremmer series are carried out in the time-Fourier domain. The quadratic profile provides a canonical medium in which the transformation of the square-root 'Helmholtz' operator from the time-Fourier to the time-Laplace domain, and vice versa, can be carried out explicitly and understood.
In the space-Laplace domain, the formally exact wave equation for (one-way) propagation in a transversely inhomogeneous half-space supplemented with appropriate right-traveling-wave radiation and initial-value conditions is given by (11)
(compare Eq. (1)), where
is now the strictly elliptic square-root 'Helmholtz' operator (compare Eq. (2)). Note that, here,
The phase space analysis remains largely the same, and can be summarized by the lattice multivariate (path) integral, with Hamiltonian equal to the square-root 'Helmholtz' operator symbol (11),
(cf. Eq. (10)).
The mappings between the square-root 'Helmholtz' operator symbols constructed in the time-Fourier domain in Sections 2 and 3 and the corresponding symbols associated with the time-Laplace domain operator in Eq.(117) follow from the specific form of the quadratic profile representation and the analytic continuation results in Eqs. (113) and (115). Treating only the Weyl representation here, first, for the defocusing case, it follows from Eqs. (2) and (113) that
Substituting representation (109) into Eq.(119) yields
while the subsequent choice of contour % j ff in Fig. 6 yields the equivalent form (see Fishman (23, (32) - (34)))
(compare Eq. (125)). For the focusing quadratic profile, it likewise follows that §
Substituting the representations (120) and (121) into Eq.(122), then results in the equivalent expressions 7
and 7
The operator symbol representations in Eqs.(120) and (123) will prove useful in the construction and analysis of the square-root 'Helholtz' operator in the right-half of the complex Laplace plane, which will be presented elsewhere.
Asymptotic operator symbol expansions
The contour-integral representations for the Helmholtz operator symbols developed in Section 3 enable the high-and low-frequency, asymptotic operator symbol expansions to be derived in a straightforward fashion. Only the expressions for 7 y ¦ ) T will be presented; the other cases can be derived in a similar manner. (The superscript notation introduced in Section 3 will now be suppressed since all subsequent results will apply to the focusing case.) 
and its appropriate analytic continuations (29, 37) . On the other hand, µ £ is represented through the integral
following from the result in Magnus et al. (29, p.34) . Employing this integral representation, and integrating by parts the various terms in the above mentioned expansion then yield
The low-frequency asymptotic expansion given in Fishman (23, (29) ) for the defocusing quadratic profile in conjunction with the analytic continuation property given in Eq.(113) lead to the same result. As expected, y ¦ ) T is purely imaginary for
, in the absence of propagating modes. 
B. High-frequency asymptotic operator symbol expansion
The various terms contain integrals of the type,
, and
where (locallyevanescent regime).
Case 1:
. Applying the stationary phase and the Laplace methods to the operator symbol integral representations given in Eqs. (129) and (130), the dominant contributions are found to result from exterior and interior end points, interior critical points, and the singular points of the integrand. Since the Cauchy integral theorem (35) implies that the representation is independent of the particular choice of
, this can be exploited in the detailed calculation. The principal idea is to choose a so that (i) the dominant contributions can be divided into three disjoint groups which can be calculated independently and added in the end to produce the final result, and (ii) the contribution from the singular points of the integrand can be evaluated in an expeditious manner.
The first group comprises the contributions from the exterior end points at 
is solely an amplitude function, whilȩ
is finite except at
. Thus, the oscillatory part of , and are given by
, where
(132) 
with a global minimum at § g X , transitioning for increasing a to a 'double-well-like' structure with a local or global maximum at § g X and two, symmetrically located global minima. Condition (134), while ensuring that
, is not sufficient to imply that
. Requiring that
using Eq.(135), resulting in the additional condition,
ensures the latter condition. Ensuring that
implies that the exponential function in the semicircular contributions to Eq.(129) is dominated by the exponential decay in the high-frequency limit. Condition (137), however, is not sufficient to ensure that term (20) . This difference is a reflection of the symmetry inherent in the Weyl construction (16, 17) . Equation (142) can also directly be derived from the analytic continuation of the corresponding asymptotic result for the defocusing quadratic profile presented in Fishman (23, (27) ) through the relationship given in Eq.(113). The algebraic branch coincides with the outcome of the polyhomogeneous calculus of operator symbols (1, 15, 16) . . While carrying out these combinations, the following identity,
is invoked; it follows readily from Eq.(82) or Eq.(83). The result yields the oscillatory branch of the asymptotic operator symbol expansion,
The leading term in the oscillatory branch of the asymptotic operator symbol expansion is
Å ¦ ¶
, with the contributions of
, which are proportional to the singular amplitudes
, having vanished. 
following from the Cauchy integral theorem (35) . In this case, for fixed ¶ ® and ¶
¢
, a sufficiently small
can be chosen such that , occur. Adding the contributions yields,
using, again, Eq. (143); here, the residues of the poles of first order have cancelled. Again, the restrictions on 
where the principal branch of the 
where the generalized zeta function is defined by the appropriate analytic continuations of Eq.(126) (29, 37) , with
Rather than being asymptotic, both of the expressions for
in Eqs. (150) and (152), resulting from the evaluation of the residues in Eq.(149), are exact. This follows on starting with
in Eq.(152) and using Eq. (84) with
establishing that Eq. (152) . Then, use of the identity 
with the principal branches taken. The contribution from this critical point is a term of exponentially small order, supplementing the algebraic branch deriving from group (a). The most direct way to derive the resulting expansion is to exploit the analytic continuation result in Eq.(113) in conjunction with the corresponding asymptotic result for the defocusing quadratic profile, derived by a stationary phase evaluation, in Fishman (23, (27) , (28)). The final expression is
The principal results of Section 5 are the low-frequency asymptotic expansion in Eq.(128) and the high-frequency asymptotic expansions in Eqs. , and (iii) the two interior critical points at c £ and é £ at £ 0 %
. To address these two limiting cases, uniform methods must be applied (39) . The nonuniform expansions, however, do establish and illustrate the fundamental oscillatory character of the square-root Helmholtz operator symbol in the highfrequency limit (1, 23) . In the elliptic pseudodifferential operator calculus, only the nonuniform algebraic branch given in Eq. (142) is obtained in the asymptotic analysis (1, 14, 15, 16, 17 ).
One-way propagation A. Propagating and nonpropagating operator symbol constituents
It is clear from the derivation of the spectral (modal) summation representations presented in Section 2 that the Helmholtz operator symbols naturally divide into their propagating and nonpropagating modal contributions. In the Weyl calculus, in both Eq. (61) with ae % and Eq.(64), the first, finite sum of¸terms represents the propagating modal contribution to the square-root Helmholtz operator symbol, while the remaining terms comprise the nonpropagating modal contribution, with a corresponding decomposition in both Eq. (33) 
Correspondingly, decomposing the previously mentioned propagating and nonpropagating modal contributions into their real and imaginary parts, and further noting the even/odd symmetry with respect to (or
for the standard symbol, with
where the even and odd parts of a function 
and 
with a corresponding set of expressions for the nonpropagating operator symbol constituent. The decomposition into the propagating and nonpropagating constituents in conjunction with the high-frequency asymptotic expansions relate the number of propagating modes¸to specific structural features of the square-root Helmholtz operator symbol. The oscillatory asymptotic branch in Eqs. (144) and (146) is governed by the exponential phase functions,
in Eqs. (132) and (144) then yield the dominant exponential phase function (to within a sign),
Thus, in the lowest order, ), corresponds to a change in the sign of the scaled, nonpropagating, square-root Helmholtz operator symbol constituent (i
) in Eq.(152) in the high-frequency limit.
B. The one-way propagator
The infinitesimal, one-way propagator, in conjunction with the special structure of the Weyl and standard symbols for the squareroot Helmholtz operator, reveal both the multiresolution and generalized screen nature of the propagation process. The fundamental solution of the one-way wave equation can be written in the form
denoting the one-way propagator. Following from Eq. (10) with % E , the infinitesimal, one-way propagator follows as
In the limit
, the propagator can be asymptotically expanded to the lowest order in the form
where the integral term is recognized as the Schwartz kernel
(cf. Eqs. (6) and (8)) and is understood in the distributional sense (4, 30) .
Recognizing from Eq.(63) that the Weyl operator symbol y ¦ ) T can be written as the sum of an absolutely and uniformly convergent infinite series and a well-defined integral, it follows that in the limit 
, the expansion in Eq.(173) takes the form
. The last line of this equation can be written in the form
where % ¦ is a dilation parameter, with a corresponding constituent 'inverse' transform,
, revealing the multiresolution (40) nature of the propagation process.
The standard calculus analogue of the (modal) expansion in Eq.(174) is given by
Equation (176) The sequence of operations in the infinitesimal propagation process, outlined in the multiresolution and generalized screen analyses above, is inherent in the path-integral structure of the fundamental solution (1, 2, 11, 18, 19, 20, 21, 36) in Eq. (10) . Moreover, the path-integral representation reduces to the spectral (modal) representation for the fundamental solution, which, for the (range-independent) focusing quadratic profile, takes the form , it represents the exact fundamental solution.) In Eq.(177), a transform pair can be identified through the identity
Thus, the ³ « , subjected to the appropriate normalization, form an orthonormal basis. With Eq.(177), in the action of the propagator, the integration over 3 f constitutes a 'forward' transform, whereas the summation over ¬ constitutes the associated 'inverse' transform; the propagator is 'diagonal' in the transform domain. Unlike the global operator diagonalization in the spectral (modal) propagator representation, the infinitesimal propagator representations can be viewed as a 'diagonalization' in the phase space strip about a localized coordinate point (24).
Exact symbols for operator rational approximations to
The square-root Helmholtz operator can be approximated by operator rational approximations in general, and additive, operator rational approximations in particular (1, 3, 4, 5, 6, 10, 23) . These operator approximations implicitly correspond to uniform operator symbol constructions over appropriate regions of phase space, and immediately result in approximate, partial differential, one-way wave equations (1, 3, 4, 5, 6, 10, 23) . With a continued-fraction approach, the square-root Helmholtz operator " is approximated to 
the operator sum in Eq. (178) is supplemented with a right-traveling-(outgoing-)wave radiation condition, and the approximation coefficients
are determined in the homogeneous medium limit by a variety of approximation-theoretic criteria (1, 3, 4, 5, 6, 10, 23, 42) . For every case where an exact square-root Helmholtz operator symbol can be constructed, the operator symbols corresponding exactly to the operator sum in Eq.(178) can be written in closed form (1, 23) . Let the Weyl symbol so that the exact, additive, rational approximation operator symbol in the Weyl calculus is given by (1, 23) 
for the contour-integral representation. In Eqs. (182) and (183), 
Numerical results
The square-root Helmholtz operator symbol for the focusing quadratic profile can be numerically computed, in both the Weyl and standard calculi, from the spectral (modal) summation and contour-integral formulas. For the spectral (modal) summation representations, for the standard operator symbol, for example, Eq. (48) is computed. The finite and infinite sums are rewritten and evaluated in the manner outlined in detail by Van Stralen (4), while the remaining finite integral is computed by an adaptive recursive Newton-Cotes 8 panel rule (4, 43) , with ' chosen relative to the magnitude of the integrand in a manner which balances the location of the second, infinite series within its circle of convergence against the magnitude of the integrand and the range of integration in that final term. In this scheme, it immediately follows from the estimates in Eq. (42) and Eq.(44) that the limit ' % ' corresponds to the infinite sum approaching its radius of convergence, requiring an ever increasing number of terms for an accurate numerical computation, and a relatively simple numerical integration, while the limit ' % corresponds to the sum approaching the center of its circle of convergence, requiring an ever decreasing number of terms for an accurate numerical computation, and a more involved numerical integration (44) . The expression in Eq. (48) illustrates the fourth point. The sequence of figures also illustrates the transition from the high-to the low-frequency regime for a choice of q within the well, with the square-root function plus superimposed oscillatory behavior, characteristic of the locally-homogeneous, highfrequency limit (1, 4, 23) , gradually transforming to the absorption-dominated curves, corresponding to the absence of propagating modes, in the low-frequency limit. well. Analogous behavior to that displayed for the standard operator symbol in Fig. 11 , for a choice of 102)) is compared with the Weyl, low-frequency (LF) approximate, operator symbol (Eq.(128)).
Discussion
The Helmholtz operator symbols for the focusing quadratic profile have been exactly constructed by two complementary methods: (i) a spectral (modal) summation approach in Section 2 deriving from standard representations and constructions in spectral analysis and (ii) a contour-integral approach in Section 3 based on extracting the operator symbols from the appropriate Green's function, or corresponding parabolic (Schrödinger) propagator, data. As the name implies, the former method is natural for partitioning the operator symbol into its propagating and nonpropagating components, as well as for examining the individual modal contributions, while the latter method is natural for examining the total operator symbol, in particular, for deriving both the high-and low-frequency asymptotic expansions. The two approaches can be combined, as in Section 6, to derive both integral representations and asymptotic expansions for the individual propagating and nonpropagating modal sums, as indicated in Eqs.(166)-(170). In particular, for the propagating contribution to the square-root Helmholtz operator symbol, in the high-frequency limit, a sum of a finite, but ever-increasing, number of terms (cf. Eq.(166)) is asymptotically analyzed in a straightforward manner through the contourintegral equivalence as indicated in Eq.(170). Furthermore, even though the periodicity of the associated parabolic (Schrödinger) propagator is explicitly exploited in the contour-integral construction and the discrete nature of the spectrum is, likewise, exploited in the spectral (modal) summation construction for the focusing quadratic case, the two complementary operator symbol construction procedures and their combined usage are quite general, and applicable to other profiles. Indeed, for the Helmholtz operator symbols in the defocusing quadratic case, which were constructed by the same procedures (4, 23) , the associated spectrum has no discrete contributions and the associated parabolic (Schrödinger) propagator is not periodic.
The fractional, Helmholtz operator symbols constructed in Sections 2 and 3 represent the appropriate Helmholtz operator roots associated with the physical, right-traveling wave field. In the spectral (modal) summation construction, this condition is enforced through the appropriate infinitesimal shifting of the resolvent singularities in the integral representation (1, 4, 23) , while, in the contour-integral construction, the correspondence to the physical roots follows immediately from the extraction of the operator symbols from the physical, outgoing wave Green's function or the corresponding parabolic (Schrödinger) propagator (23) . As such, the Helmholtz operator symbols must satisfy the appropriate composition equations and be consistent with the physical, right-traveling-(outgoing-)wave radiation condition (1, 4, 23) , as was demonstrated for the defocusing quadratic profile case by Fishman (23) . This is briefly outlined for the focusing quadratic profile case in Appendix C. Satisfying the appropraite composition equations alone is not sufficient to ensure the construction of the physical, Helmholtz operator symbols; the correspondence with the radiation condition is essential. For example, if the 2 w i limit is taken in the analytic continuation formulas (112)-(115), the resulting symbols will still satisfy the appropriate composition equations (at least in a formal, asymptotic sense (15, 17) ), however, they will no longer be consistent with the physical radiation condition, and, thus, will not correspond to the physical operator roots. The construction of the physical, Helmholtz operator symbols has been briefly discussed by Fishman (23) .
The exact, square-root Helmholtz operator symbol constructions given in Eqs. (102) and (104) in conjunction with the numerical results presented in Section 8 illustrate the waveguiding properties of the focusing quadratic profile. At the level of the marching range step, which follows immediately from Eq.(10), the infinitesimal, down-range wave field is given by (19, 20, 21, 23) ¡
Taking the initial wave field at 
±² G
in the quadratic case) that the energy within the effective waveguide will be redistributed, with the wave field in the absorptive regions being suppressed. In particular, the oscillatory character of the operator symbol ensures the strict conservation of the integrated energy flux (1, 19) , while the phase space regions with
ultimately allow for the down-range focusing correctly corresponding to the modal energy distribution.
While the focusing quadratic profile is, in some respects, nonphysical, the corresponding Helmholtz operator symbols, nevertheless, establish canonical symbol features for more general profiles containing locally-quadratic wells. This should not be surprising. In the context of a modal analysis, the low-lying eigenfunctions and corresponding eigenvalues in such wells will exhibit a quadratic character. This is the same phenomenon expressed at the level of the operator symbol. This will be illustrated in detail elsewhere.
The Helmholtz operator symbol results presented in Sections 2-7 can be immediately extended to the generalized, focusing quadratic profile defined by set expansion) methods (57, 58, 59) for the Helmholtz equation through Eq.(7), Eq.(47), and expansion in the oscillator basis set á 3 â .
The path-integral representation for the fundamental solution (one-way propagator) inherently contains both the asymptotic ray and modal representations of the wave field, and, in this sense, is a particularly useful representation. Concerning the numerical evaluation of the one-way propagator, although, for the quadratic profile, the propagator path-integral representation can be exactly evaluated through a spectral summation (the square-root Helmholtz operator is then compact), for more general profiles, the infinitesimal propagator controls any wave field continuation algorithm. The infinitesimal propagator is expressed in terms of the square-root Helmholtz operator symbol. From the quadratic profile case, it is seen that (i) using the Weyl calculus (and associated Weyl transform), the infinitesimal propagator follows a multiresolution analysis, and (ii) using the standard calculus, a screen representation for the propagator is obtained. Thus, the microlocal analysis associated with the operator symbols is tied to a multiresolution analysis for wave propagation.
Returning to the fully-coupled, two-way, elliptic wave propagation problem, the generalized Bremmer series (9, 10, 11) provides a means to incorporate the one-way constructions directly into the two-way scattering process. The generalized Bremmer series couples the one-way wave constituents, and generates all multiply-scattered waves. The convergence properties of this series are understood in the time-Laplace domain, and require Sobolev order estimates of the square-root 'Helmholtz' operator uniform in the Laplace parameter. However, most algorithms that (approximately) compute terms in the generalized Bremmer series are accomplished in the time-Fourier domain (10). The closed-form expressions, derived for the square-root Helmholtz operator in the quadratic profile, should prove to be useful in obtaining these Sobolev order estimates in the time-Fourier domain. It is anticipated that such an estimate would hold for more general profiles. Furthermore, the generalized Bremmer series representation for waves can be interpreted as a method of 'tracing waves', the wave-theoretical analogue of the geometrical (asymptotic) method of 'tracing rays' (Weinberg and Burridge (60)). Such methods play a key role in the 'bootstrapping' approach to inverse scattering (see, for example, Claerbout (61)).
Equation ( as the data result in estimates for both the focusing quadratic profile parameters and the number of propagating modes . While the relationship between the profile and the asymptotic, Helmholtz operator symbol structure has been illustrated here for the specific case of the focusing quadratic profile, it can be extended to general profiles through both the uniform, high-and low-frequency asymptotic expansions presented in Fishman et al. (1) . Of course, can, in principle, be reconstructed from the composition equation Eq.(11), which was illustrated in Section 8 and by Fishman (23) for the focusing and defocusing quadratic cases, respectively, in the high-frequency limit. These ideas have a natural extension to the scattering and DtN operator symbols in the inverse analysis of the general, range-dependent Helmholtz equation (1, 2, 12, 13) .
In summary, the inverse square-root and square-root Helmholtz operators (and, subsequently, the scattering and Dirichlet-toNeumann operators) play a fundamental role in many direct and inverse scattering/propagation problems. These operators do not belong to the class of strictly elliptic pseudodifferential operators and their calculus. Even though the operator symbol constructions and subsequent characterizations presented in this paper are restricted to the specific, quadratic profile, many of the results are believed to be (at least, qualitatively) canonical, and should apply to a wide class of, even singular, medium profiles. In this regard, this paper provides a hint on the extension of this polyhomogeneous calculus for symbols of elliptic pseudodifferential operators to a calculus for non-strictly elliptic operators, such as the ones listed above. This should impact the continuing development of uniform asymptotic symbol expansions (1, 9) for these propagation and scattering operators. The calculations are briefly outlined in the standard (left) calculus where they are technically less cumbersome, however, the analogous results hold in the Weyl calculus. The verification outlines are illustrated for both the spectral (modal) summation and contour-integral operator symbol representations, given, respectively, by Eq. (21) and Eq.(103) for the inverse square-root Helmholtz operator symbol and, for the purposes of this appendix, extended to the square-root Helmholtz operator symbol through the composition relationship in Eq. (24) . 
